Fixed Point theorems on partial metric spaces have been the subject of recent work, with the interest generated in partial metric spaces (as a suitable structure for studies in theoretical computer science). Several approaches to fixed point theory for point-valued functions on complete metric spaces have been generalized to partial metric spaces (see, for instance, Alghamdi [1]). On the other hand, it appears that substantial work may still be done to generalize the theory (in the partial metric space context) to set-valued functions. Recently, Damjanovic et al [3] looked into pairs of multi-valued and single-valued maps in complete metric spaces, and used coincidence and common fixed points, to establish a theorem on fixed points for pairs of multivalued functions. In this paper we take off from Damjanovic and proceed to establish the same result in the setting of partial metric spaces. As a consequence of our generalization, we are able to include as special cases the theorem of Aydi et al [2] and our [9] generalization of [4] . Further, Reich's result is also generalized to multivalued functions in partial metric spaces. Special cases include the partial metric space version of Kannan's theorem, as well as that due to Hardy and Rogers.
Introduction
The concept of partial metric spaces as a generalization of metric spaces was introduced in 1994 by Mathews [10] , in his treatment of denotational semantics of dataflow networks. For partial metric spaces, self-distance need not be 0. Some applications of partial metrics to problems in theoretical computer science, including the use of fixed point theorems to determine program output from partially defined information, are cited in X. Huang et al [6] and references therein. Banach's fixed point theorem for contraction mappings on complete metric spaces is widely utilized both in theoretical and applied mathematics, including that of establishing the existence of solutions to differential and integral equations, and the theorem has been generalized in many ways. Of note is the generalization of Nadler [11] to multifunctions on metric spaces satisfying a contraction condition. Some recent treatments and extensions/generalizations of fixed point theorems for multivalued functions are given in [14] and [12] . Significant research has been undertaken recently on the study of fixed point theorems in partial metric spaces (see, for instance, recent work by Alghamdi et al [1] ). Nadler's fixed point theorem for multifunctions has been generalized as well, and recently, an analogue for contractive mutifunctions on partial metric spaces, was established by H. Aydi et al [2] . In [9] we established a further generalization of the result of Aydi et al. Recently, Damjanovic et al [3] looked into pairs of multi-valued and single-valued maps in complete metric spaces, and used coincidence and common fixed points, to establish a theorem on fixed points for pairs of multivalued functions. In this paper we take off from Damjanovic and proceed to establish the same in the setting of partial metric spaces. As a consequence of our generalization, we are able to include as special cases the theorem/s in [2] and [9] . Further, Reich's result is also generalized to multivalued functions in partial metric spaces. Special cases include the partial metric space version of Kannan's theorem, as well as that due to Hardy and Rogers. The paper is organized as follows. In Section 2, some basic definitions which will be used later in the paper are provided. In Section 3, we present the main theorem and some corollaries, extending known fixed point theorems of multifunctions, to partial metric spaces.
Preliminaries
Definition 2.1. Let X be a nonempty set. A function p : X × X → ℜ + is said to be a partial metric on X if for any x, y, z ∈ X, the following conditions hold:
The pair (X, p) is then called a partial metric space.
If p(x, y) = 0, then x = y. But the converse does not always hold. A standard example of a partial metric space is the pair (ℜ + , p), where p :
A partial metric p on X generates a T 0 topology τ p on X which has as a base the family of open p-balls {B p (x, ε) : x ∈ X, ε > 0}, where B p (x, ε) = {y ∈ X : p(x, y) < p(x, x) + ε}, for all x ∈ X and ε > 0. Observe (from [10] , p. 187) that a sequence {x n } in a partial metric space (X, p) converges to a point x ∈ X, with respect to τ p , if and only if p(x, x) = lim n→∞ p(x, x n ). If p is a partial metric on X, then the function p s : 
(b) A partial metric space (X, p) is complete if and only if the metric space (X, p s ) is complete.
Towards generalizing Nadler's Theorem to multifunctions in partial metric spaces, a partial Hausdorff metric is defined and its properties investigated by Aydi et al in [2] : In all cases, assume (X, p) is a partial metric space. Let CB p (X) be the family of all nonempty, closed and bounded subsets of the partial metric space (X, p). Closedness is in the setting of (X, τ p ) where τ p is the topology induced by p, and boundedness is given as follows: A is a bounded subset in (X, p) if there exist x 0 ∈ X and M > 0 such that for all a ∈ A, we have a The following properties of the mapping δ p :
Proposition 2.1. For any A, B,C ∈ CB p (X), we have the following: f c∈C p(c, c) . We will be using pairs of multi-valued functions and single-valued maps to approach coincidence and common fixed points. The following definitions will be used.
Definition 2.
3. An element x ∈ X is said to be a coincidence point of T : X → CB p (X) and f : X → X if f x ∈ T x. We denote C( f , T ) = {x ∈ X| f x ∈ T x}, the set of coincidence points of T and f .
Definition 2.4. Maps f : X → X and T : X → CB p (X) are weakly compatible if they commute at their coincidence points, that is, f (T x) = T ( f x) whenever f x ∈ T x.

Definition 2.5. (see Kamran [7]) Let T : X → CB p (X) be a multi-valued map and f : X → X be a single-valued map. The map f is said to be T -weakly commuting at x ∈ X if f f x ∈ T f x.
Definition 2.6. An element x ∈ X is a common fixed point of T, S : X → CB p (X) and f
: X → X if x = f x ∈ T x ∩ Sx.
Main Results
The following was proven in Aydi [2] .
Lemma 3.1. Let (X, p) be a partial metric space, A, B ∈ CB p (X) and h > 1. For any a ∈ A, there exists b = b(a) ∈ B such that p(a, b) ≤ hH p (A, B).
Following Damjanovic [3] , we have the following theorem on partial metric spaces: α, β , γ ≥ 0 and 0 < α + 2β + 2γ < 1.
Suppose also that (i) SX ⊆ gX, T X ⊆ f X (ii) f (X) and g(X) are closed Then,
there exist points u and w in X, such that f u ∈ Su, gw ∈ Tw, f u = gw and Su = Tw.
Proof. Since 0 < α + 2β + 2γ < 1, there exists r > 0 such that
. Note that 0 < λ < 1. Let x 0 ∈ X . Then f x 0 and Sx 0 are well-defined. Since SX ⊆ gX, there exists x 1 ∈ X with gx 1 ∈ Sx 0 . According to Lemma 3.1, (with h = 1/ √ r) there exists x 2 ∈ X, with f x 2 ∈ T x 1 (since
. From inequality 3.1, we get
But observe that
Hence, from inequality 3.2 and the above inequalities, we get
, so we have
Continuing in this way, with f x 2 ∈ T x 1 , there exists
We obtain from above the inequality that p( f x 2 , gx 3 ) ≤ λ p( f x 2 , gx 1 ). Continuing this process, we construct a sequence y n in X, such that y 0 = gx 1 and, for each n, y 2n = gx 2n+1 ∈ Sx 2n , y 2n+1 = f x 2n+2 ∈ T x 2n+1 . It can be established that
. Now, if say n = 2 j, then y n = y 2 j = gx 2 j+1 ∈ Sx 2 j . From lemma 3.1, there is an element of T x 2 j+1 which must be (since T X ⊆ f X) of the form f x for some x and this we now call x 2 j+2 , satisfying the inequality p(gx
). Next we invoke inequality 3.1 in the hypothesis to get
As above, we have
and
Hence,
Again, we get
and this yields p(y 2 j , y 2 j+1 ) ≤ λ p(y 2 j , y 2 j−1 ). The same argument applies if n = 2k + 1. We then have the inequality p(y n , y n+1 ) ≤ λ n p(y 0 , y 1 ), for all n ≥ 1. To show that the sequence y n is a Cauchy sequence in the complete metric space (X, p s ), we observe that
as n → ∞. By the definition of the metric p s , we have p s (y n , y n+m ) ≤ 2p(y n , y n+m ) → 0, hence y n is a Cauchy sequence in (X, p s ). Lemma 2.1 above allows us to conclude that (X, p s ) is complete, since the partial metric space (X, p) is complete. Hence, y n converges to some y ∈ X with respect to the metric p s , that is, lim n→∞ p s (y n , y) = 0. From the characterization of Cauchy sequence convergence earlier cited (namely, A sequence x n converges in (X, p s ) to a point x ∈ X if and only if lim n,m→∞ p(x n , x m ) = lim n→∞ p(x n , x) = p(x, x)), we have p(y, y) = lim n→∞ p(y n , y) = lim n→∞ p(y n , y n ) = 0. With y 2n = gx 2n+1 and y 2n+1 = f x 2n+2 , we must have lim n→∞ y 2n = lim n→∞ gx 2n+1 = lim n→∞ f x 2n+2 = y, and since gX and f X are closed, then y ∈ f X and y ∈ gX. Hence, there are elements u and w in X such that y = f u = gw. Taking limits as n → ∞, we get p( f u, Su) ≤ (β + γ)p( f u, Su). Since (β + γ) < 1, we have p( f u, Su) = 0. Since Su is closed, we must conclude that f u ∈ Su. Following the same argument, we arrive at the inequality p(gw, Tw) ≤
